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ATTRACTIONS.
[ART. 127
125. Rankine's theorem. If at any point of a level surface all the differential coefficients of F up to the wth inclusive with regard to x, y and z are zero, we know from solid geometry that there is a tangent cone of the (?i + l)th order at that point. If (?i-i-l) sheets intersect along a line, the same thing will be true at every point of that line, and the tangent cone will be the product of the (n + 1) tangent planes.
Let us suppose that the level surface is such that at two consecutive points P, P' all the differential coefficients of F up to the ?ith are zero ; let us examine the form of the surface in the immediate neighbourhood of those two points.
Taking P for origin and PP' for the axis of z, we have at the origin all the following differential coefficients equal to zero:
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These are also zero when z receives an increment dz ; hence their differential coefficients with regard to z are all zero. It therefore follows that every differential coefficient of F of the (?i + l)th order which has dz, dz2, &c. in the denominator is zero at the origin. If therefore V be the value of the potential at a point |, 97, £ we find on making the expansion by Taylor's theorem
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where AQt Alt &c. are constants. It follows that the terms of the lowest order in the expansion do not contain £".
The level surface which passes through the origin is given by F'- F=0, This level surface has therefore (n + 1) tangent planes at the origin given by
All these tangent planes pass through the two given consecutive points P, P'.
We shall now prove that all these tangent planes are real, and that each makes the same angle with the next in order. The expression for V given in (2) must satisfy Laplace's equation, hence the expression for U given in (3) must also satisfy that equation. Transforming to cylindrical coordinates, U becomes U=Prn+1} where P is some function of 0. By Art. 108, since z is absent from U, we have
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Substitute, and we find
The equation (3) therefore reduces to cos {(n +1) <p + a} = 0, which gives ?i +1 planes, making equal angles, each with the next in order.
126. Tubes of force. If we draw a line of force through every point of a closed curve, we construct a tube which is called a tube of force. By choosing the closed curve properly we can make the section of the tube indefinitely small; it is then called a ^omen^. It is evident that the resultant attraction at any point P of a filament acts in the direction of the tangent to the length of the filament.
L .^    127.    The magnitude of the attractive force at any point of the J /^same filament is inversely proportional to the area of the normal section of the filament at that point.

